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It has been found that noise plays a key role to improve signal transmission in a one-way chain of bistable
systems [Zhang et al., Phys. Rev. E 58, 2952 (1998)]. We here show that the signal transmission can be
sharply improved without the aid of noise, if the one-way chain with a single source node is changed with two
source nodes becoming a Y-shaped one-way chain. We further reveal that the enhanced signal transmission in
the Y-shaped one-way chain is regulated by coupling strength, and that it is robust to noise perturbation and
input signal irregularity. We finally analyze the mechanism of the enhanced signal transmission by the Y-shaped
structure.
PACS numbers: 87.19.lc 05.45.Xt
The realization of transmitting weak signals over a long
range is essential in engineering. Stochastic resonance
has been proposed as an important mechanism to sup-
port such function, where a weak signal can be transmit-
ted faraway without amplitude attenuation by embedding
the nonlinear system that responsible for transporting the
signal in a noisy environment. Subsequently, the nonlin-
ear systems with complex structures are found to have a
higher level of utilizing stochastic resonance for transmit-
ting signals, as compared to the nonlinear systems with
simple and regular structures. However, the intensity of
noise is not easy to be controlled in practice, which reduces
the implementation of stochastic resonance. It is an impor-
tant question to ask whether there exists a specific struc-
ture by which the signal transmission can be enhanced
without the help of noise. For this reason, we here propose
a one-way chain with a Y-shaped structure through modi-
fying the classical one-way chain model from having a sin-
gle source node to having two disconnected source nodes.
Our results show that such a slight change in the structure
may enable a largely enhanced signal transmission in the
one-way chain. Besides this, the enhanced signal trans-
mission by the Y-shaped structure is much effective than
by stochastic resonance. These findings may contribute to
the design of highly efficient artificial devices.
I. INTRODUCTION
Exploring the relationship between structure and function
of real systems has been improved markedly in recent years,
as it has become clear that the impressive function of real
systems is closely related to their particular structures [1–5].
Examples include the high risk of epidemic outbreak in so-
cial entities shared with small-world friendship [6], the low
threshold of particle condensation in transportation network
with heterogeneous structure [7], and the pathological brain
states accompanied by abnormal anatomical connectivity [8].
Signal transmission over long distances is one of the most es-
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sential function in nature, ranging from cell signaling in the
nervous system up to human telecommunication in the engi-
neering [9, 10], but which architecture supports an efficient
and robust transmission is still not fully understood.
Early attempts at exploring the structure-function relation-
ship of signal transmission were focused on one-way chains
[11–15]. In these classical chain models, a node at one side
called source node is responsible for receiving input signals,
and then the source node propagates the signals to its near-
est node in single direction, and so on. It has been reported
that a weak signal can be transmitted along the one-way chain
without amplitude damping if the chain is embedded in noisy
environments [11]. Such noise-improved signal transmission
is further observed in complex networks [16–22]. However,
the noise-improved signal transmission relies heavily on the
proper intensity of noise which it is hard to be tuned in prac-
tice. It is therefore quite important to seek a specific structure
by which the transmission can be efficiently improved, instead
of by the well-tuned noise.
In this paper, we propose a modified one-way chain model
with a Y-shaped structure and study how such structure affects
signal transmission in the chain. Unlike the classical one-way
chain with a single source node, the Y-shaped one-way chain
has two disconnected source nodes that receive the same input
signal. We find that the Y-shaped one-way chain can maintain
long-distance signal transmissions without amplitude attenu-
ation, no matter the input signal is periodic or aperiodic. We
also find that the enhanced signal transmission in the Y-shaped
one-way chain is much effective than the noise-improved sig-
nal transmission in the classical one-way chain. These find-
ings imply that even a small change in the structure might
permit a hugely different performance in signal transmission,
offering a good illustration of the relationship between struc-
ture and function.
II. MODEL AND METHOD DESCRIPTIONS
A Y-shaped one-way chain of N + 1 coupled bistable sys-
tems is shown in Fig. 1(a), whose dynamics is described as
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FIG. 1: Architectures of a Y-shaped one-way chain with two dis-
connected source nodes (j = 0, 1) to receive an input signal I(t) in
(a) and a classical one-way chain with one source node (j = 1) to
receive the same input signal I(t) in (b). ε represents the coupling
strength.
follows:
x˙j = xj − x3j + I(t), j = 0, 1
x˙2 = x2 − x32 + ε
(x0 + x1
2
− x2
)
, (1)
x˙j = xj − x3j + ε(xj−1 − xj), j = 3, · · · , N
where x˙j = xj − x3j governs the local dynamics of node
j, which has two stable fixed points xs = ±1 and one un-
stable fixed point xu = 0, ε denotes the coupling strength,
and I(t) represents the input signal receiving by the source
nodes (j = 0, 1). To model weak signal transmissions, I(t) is
set as a subthreshold signal, namely, under such signal, each
source node cannot jump between the two stable fixed points
but oscillate around one of them. When x0(t) = x1(t), the Y-
shaped one-way chain of Eq. (1) can be viewed as a classical
one-way chain with one source node, see Fig. 1(b).
To characterize signal transmission along the chain, we cal-
culate the output of node j at the frequency ω of the input
signal by [12, 18, 23, 27]
Qj =
∣∣∣∣∣ ωnpi
ˆ 2npi
ω
0
xj(t)e
iωtdt
∣∣∣∣∣ , (2)
where parameter n determines the length of the integration
interval. To achieve a stable result of Qj , a large value of
n = 100 is considered. Besides, when the input signal is
aperiodic or in a noisy environment, Qj is averaged with 100
realizations. From Eq. (2), the signal transmission along the
chain is damped if Qj > Qj+1 for j ≥ 1; otherwise, the
transmission is enhanced if Qj ≤ Qj+1 for j ≥ 1. In our
discussions, the chain size N = 30 is used, and the initial
condition xj(0) of each node is randomly selected from the
two stable fixed points xs = ±1. Obviously, the two source
nodes display the same dynamical behavior x0(t) = x1(t)
if their initial conditions are identical x0(0) = x1(0), while
showing different dynamical behaves x0(t) 6= x1(t) if their
initial conditions are nonidentical x0(0) 6= x1(0). In this re-
gard, Eq. (1) with x0(0) = x1(0) and with x0(0) 6= x1(0)
represents the classical one-way chain and Y-shaped one-way
chain, respectively.
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FIG. 2: (Color online) Signal transmissions of Eq. (1) with x0(0) =
x1(0) (black and red squares) and with x0(0) 6= x1(0) (green and
blue circles) at ε = 1.4 and ε = 4, respectively. Dashed lines denote
the analytical predictions of Eqs. (8) and (13).
III. NUMERICAL RESULTS
A. Y-shaped structure effect
A subthreshold periodic signal I(t) = A sin(ωt) with
ω = pi/5 and A = 0.1 is firstly considered. Figure 2 shows
the transmissions of such signal for two coupling strengths,
obtaining from randomly setting the initial conditions of all
the nodes. It can be observed that Qj always takes only two
distinct responses at each coupling strength: damped trans-
mission and enhanced transmission. Our numerical results re-
veal that the former is achieved at x0(0) = x1(0) while the
latter is obtained at x0(0) 6= x1(0), irrespective of the initial
conditions of the other nodes. Meanwhile, Fig. 2 shows that
the enhanced signal transmission obtained at x0(0) 6= x1(0)
is very sensitive to the value of coupling strength. When
ε = 1.4, Qj increases fast and saturates from j = 14. In
contrast, when ε = 4, Qj increases slowly but attains a higher
saturated output after j ≥ 25. Hence, the Y-shaped one-way
chain (at x0(0) 6= x1(0)) has a function of enhancing sig-
nal transmission and such function is purely generated by the
simple Y-shaped structure.
The above observations raise two questions: (i) How does
the coupling strength impact on the enhanced output Qj and
(ii) which node has the best efficiency of enhancing signal
transmission in the Y-shaped one-way chain? To answer these
questions, we compare the dependencies of Qj on ε between
three nodes, see Fig. 3(a). A common feature in this figure is
the same critical coupling strength εc ≈ 1 below (ε < εc)
or far beyond (ε ≫ εc) which the output Qj ≈ 0. In
between, the enhanced output Qj emergences and a max-
imum output QMj appears at an optimal coupling strength
εMj . Moreover, the intermediate region of ε with enhanced
Qj is expanded as j increases. During this process, the val-
ues of QMj and εMj are changed accordingly. As shown in
Fig. 3(b), QMj is an increasing function of j which satisfies
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FIG. 3: (Color online) Signal transmission of Eq. (1) with x0(0) 6=
x1(0). (a) Qj versus ε for node j = 5 (square), 10 (circle) and 25
(triangle). Dashed lines denote the analytical results of Eqs. (8) and
(13). (b) The maximum output QMj versus j with a fit line QMj =
1.2j3/(120 + j3). (c) Optimal εMj versus j with a fit line εMj =
0.14(1 + j). (d) Transmission efficiency ρj versus j for ε = 1.1
(square), 1.4 (circle), and 4 (triangle).
QMj ≈ 1.2j3/(120 + j3). In Fig. 3(c), εMj seems to be a
constant (εMj ≈ 0.14) before j = 9, and then grows with j
obeying a linear relationship εMj ≈ 0.14(1 + j). Based on
these quantities, we define ρj to measure the signal transmis-
sion efficiency of node j as
ρj ≡ Qj −Qj−1
j − (j − 1) = Qj −Qj−1, j ≥ 2 (3)
The results of ρj for three coupling strengths are given in
Fig. 3(d). It can be observed that ρj displays a bell-shaped
curve at each coupling strength. In particular, when ε = 1.1,
the curve of ρj has a peak at j = 6, suggesting that node
j = 6 has the best efficiency of signal transmission. Interest-
ingly, when ε = 1.4, the best transmission efficiency is gained
by node j = 5 since the peak height at j = 5 is higher than
at j = 6. However, when ε = 4, the peak of ρj is shifted to
j = 12, accompanied by a decline in the peak height. The
variations of ρj indicate that the coupling strength regulates
the efficiency of signal transmission and an intermediate cou-
pling strength enables some node to have a higher transmis-
sion efficiency.
To give a deep insight of the enhanced signal transmission,
Fig. 4 shows the spectra of Qj for nodes j = 5, 10, and 25.
When ε = 1.4, Q5 can be seen as a delta function of ω which
is zero everywhere except at the input frequency ω = pi/5,
where it is a sharp peak, see Fig. 4(a). Except for the peak
at ω = pi/5, Q10 also shows a lower peak at the harmonic
frequency ω = 3pi/5, see Fig. 4(b). Such multiple peaks can
be found for Q25, see Fig. 4(c). In addition, when ε = 4, the
spectra of Qj are similar to that of ε = 1.4, see Figs. 4(d)-(f).
The main difference is that, there are more peaks at other har-
monic frequencies emerge for Q25. The emergence of lower
peaks at harmonic frequencies means that the output signal
xj(t) is not a pure sine (cosine) wave but a sum of a set of
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FIG. 4: Spectra of Qj . Left panels with ε = 1.4: (a) j = 5, (b)
j = 10, and (c) j = 25; Right panels with ε = 4: (d) j = 5, (e)
j = 10, and (f) j = 25. Initial condition x0(0) 6= x1(0) is used.
sine (cosine) waves. However, as the peaks at harmonic fre-
quencies are relatively lower than the peaks at ω = pi/5, the
outputQj at the input frequency gives a reliable measurement
of signal transmission.
B. Robustness to noise
Since noise is ubiquitous in nature, we examine the robust-
ness of the enhanced signal transmission in the Y-shaped one-
way chain to external noise perturbation. Hence, each bistable
system in Eq. (1) becomes noisy, i.e., x˙j = xj − x3j + Γj(t),
where Γj(t) denotes the noise perturbation. We here con-
sider Γj(t) as the white and spatially uncorrelated noise with
〈Γj(t)〉 = 0 and 〈Γj(t)Γk(t′)〉 = 2Dδjkδ(t − t′), where pa-
rameter D controls the intensity of noise. For a given cou-
pling strength ε = 4, Fig. 5 shows the transmissions of the
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FIG. 5: (Color online) Signal transmission of Eq. (1) with x0(0) =
x1(0) (black and red square) and with x0(0) 6= x1(0) (green and
blue circles) for D = 0.01 and D = 0.1, respectively. Parameter
ε = 4 is considered.
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FIG. 6: Spectra of Qj . Left panels with D = 0.01: (a) j = 5, (b)
j = 10, and (c) j = 25; Right panels with D = 0.1: (d) j = 5,
(e) j = 10, and (f) j = 25. Parameter ε = 4 and initial condition
x0(0) 6= x1(0) are used.
input signal I(t) = A sin(ωt) in two noisy environments. In
the case of D = 0.01,Qj also displays two distinct responses:
damped transmission at x0(0) = x1(0) and enhanced trans-
mission at x0(0) 6= x1(0). In the case of D = 0.1, the
transmission at x0(0) = x1(0) is not damped but slightly en-
hanced now, which is consistent with the noise-improved sig-
nal transmission as observed in [11]. Moreover, such noise-
improved transmission at D = 0.1 displays the same be-
havior to the transmission of x0(0) 6= x1(0), implying that
the enhanced signal transmission by the Y-shaped structure
is reduced for large D. The phenomenon shown in Fig. 5
can be understood as follows. For small D, the two source
nodes approximate x0(t) ≈ x1(t) if their initial conditions
are identical x0(0) = x1(0). Accordingly, Eq. (1) consisted
of noisy bistable systems can be treated as the classical one-
way chain so that it displays a similar transmission to the case
of D = 0. For large D, the noise perturbation is sufficient
that it can trigger the source nodes jump between their two
stable fixed points. Therefore, the signal transmission is in-
dependent of the initial conditions of the source nodes, which
results in the same transmission between x0(0) = x1(0) and
x0(0) 6= x1(0).
Fixed ε = 4, we explore the dependency of Qj on ω for
three nodes chosen from Fig. 5. The results are displayed in
Fig. 6. For D = 0.01, the curve ofQj can be viewed as a delta
function with a sharp peak at the input frequency ω = pi/5,
see Figs. 6(a)-(c). For D = 0.1, Qj also resembles a delta
function except small ω ≈ 0 at which Qj > 0, see Figs. 6(d)-
(f). The common peak at ω = pi/5 shown in Fig. 6 suggests
that the input frequency is the main frequency of the output
signals and thus the output Qj at ω = pi/5 is the dominant
output.
In addition, the same transmission at large D shown in Fig.
5 motivates us to figure out the critical noise intensity at which
the signal transmission is irrelevant to the initial conditions of
the source nodes. To this end, we compare the evolutions of
Qj with D between x0(0) 6= x1(0) and x0(0) = x1(0) for
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FIG. 7: (Color online) Signal transmission of Eq. (1) at ε = 1.4
(square), 2 (circle), and 4 (triangle), respectively. Upper panels for
j = 5: (a) x0(0) 6= x1(0), (b) x0(0) = x1(0), (c) x0(0) = x1(0)
and Γ0(t) = Γ1(t); Middle panels for j = 10: (d) x0(0) 6= x1(0),
(e) x0(0) = x1(0), (f) x0(0) = x1(0) and Γ0(t) = Γ1(t); Lower
panels for j = 25: (d) x0(0) 6= x1(0), (e) x0(0) = x1(0), (f)
x0(0) = x1(0) and Γ0(t) = Γ1(t). Insets are the enlarged views of
signal transmissions.
several values of j and ε, see Fig. 7. When x0(0) 6= x1(0),
Qj decays with D except a slight rise around D ≈ 0.3, see
Figs. 7(a)-(c). When x0(0) = x1(0), Qj suddenly increases
from D ≈ 0.02 until attaining a local maximum at D ≈ 0.03,
exhibiting the same performance to the case of x0(0) 6= x1(0)
for large D, see Figs. 7(d)-(f). When j or ε varies, the
value of D ≈ 0.03 remains constant, which indicates that
D ≈ 0.03 is the critical noise intensity at which the signal
transmission in the Y-shaped one-way chain is not sensitive
to the initial conditions of the source nodes. Besides, Figs.
7(d)-(f) (insets) also show that Qj may exhibit two resonant
peaks for suitable ε, forming double resonant-like phenom-
ena. Further, Figs. 7(g)-(i) (insets) depict the evolutions of
Qj for the classical one-way chain, by setting x0(0) = x1(0)
and Γ0(t) = Γ1(t) in Eq. (1). In these figures, Qj shows
a resonant-like dependency on D for each pair of j and ε,
where the resonant peak is at D ≈ 0.3. When D > 0.3, Qj
exhibits a similar evolution to the cases of x0(0) 6= x1(0) and
x0(0) = x1(0). This implies that D ≈ 0.3 is another critical
noise intensity, above which the difference in signal transmis-
sion between the Y-shaped one-way chain and classical one-
way chain is small. Making use of these two critical inten-
sities, we may divide the signal transmission in the Y-shaped
one-way chain into three regions: region I (D ≤ D1 = 0.03),
region II (D1 < D < D2 = 0.3), and region III (D ≥ D2)
[see Figs. 7(a)-(c)]. Specifically, region I corresponds to
the Y-shaped structure-improved transmission, region II cor-
50 1 2 3 4 5 60.0
0.1
 Q
in
pu
t (a)
0 1 2 3 4 5 6
0.00
0.04
 Q
in
pu
t (e)
0 1 2 3 4 5 60.0
0.8
 
 Q
5 (b)
0 1 2 3 4 5 6
0.0
0.4
 
 Q
5
(f)
0 1 2 3 4 5 60.0
0.8
 
 Q
10
(c)
0 1 2 3 4 5 6
0.0
0.4
 
 Q
10
(g)
0 1 2 3 4 5 6
0.0
0.8
 Q
25
(d)
0 1 2 3 4 5 6
0.0
0.4
 Q
25
(h)
FIG. 8: Spectra of Qj . Left panels with T = 0.01: (a) Qinput, (b)
j = 5, (c) j = 10, and (d) j = 25; Right panels with T = 0.1: (e)
Qinput, (f) j = 5, (g) j = 10, and (h) j = 25. Parameter ε = 2 and
x0(0) 6= x1(0) are set.
responds the structure-noise-improved transmission, and re-
gion III corresponds the noise-improved transmission, respec-
tively. Among them, the Y-shaped structure-improved trans-
mission (region I) is robust to noise perturbation, especially at
large ε since the decay rate is slow. In addition, the Y-shaped
structure-improved transmission is much more effective than
the noise-improved transmission.
C. Robustness to signal irregularity
The actual signals are usually irregular ones, it is necessary
to check the robustness of the Y-shaped structure-improved
transmission to input signal irregularity. Here the irregular in-
put signal is generated by setting the periodic signal with a
time-varying initial phase ϕ(t), i.e., I(t) = A sin (ωt+ ϕ(t))
[24]. For simplicity, the initial phase ϕ(t) is set to be var-
ied as a Wiener process. Thus, ϕ˙(t) = ζ(t) is a Gaussian
white noise with 〈ζi(t)〉 = 0 and 〈ζ(t)ζ(t′)〉 = 2Tδ(t − t′).
When T > 0, the periodic signal I(t) = A sin(ωt) becomes
an aperiodic signal and its regularity decreases with T . To
illustrate it, we show the output spectrum of the aperiodic sig-
nal at T = 0.01 [see Fig. 8(a)] and at T = 0.1 [see Fig.
8(e)], respectively. In both spectra, there is a highest peak at
ω ≈ pi/5, where the peak height is lower and peak width is
wider at T = 0.1, demonstrating that the regularity of the ape-
riodic signal is decreased with T . We next investigate whether
these two aperiodic signals can be effectively transmitted in
the Y-shaped one-way chain. Fixing ε = 2, Figs. 8(b)-(d)
depict the output spectra for three nodes j = 5, 10, and 25 at
T = 0.01. It is obvious that each output spectrum can be con-
sidered as an enlarged version of Fig. 8(a), where the output
spectra of Q10 and Q25 show larger enlarged ratios than that
of Q5. Similarly, such enlarged versions can also be observed
in Figs. 8(e)-(h) for the case of T = 0.1. Comparing with
that of T = 0.01, the enlarged ratio and fidelity are reduced
at T = 0.1. From these observations, it can be concluded that
the Y-shaped structure-improved transmission works well for
irregular signals.
IV. ANALYTICAL RESULTS
We now analyze the underlying mechanism of the Y-shaped
structure-improved signal transmission. To avoid the effect of
noise, we only discuss Eq. (1) subjected to a periodic input
signal (T = 0) in absence of noise (D = 0). Because the in-
put signal I(t) = A sin(ωt) is subthreshold, the source nodes
oscillate with small amplitudes around the stable fixed points,
their solutions can be approximately obtained as [23, 25, 26]
xj(t) ≈ xj(0) +A1 sin (ωt+ ϕ1) , j = 0, 1 (4)
where xj(0) = ±1 depending on the initial condition, A1 =
A/
√
ω2 + 4, and ϕ1 denotes some phase shift.
A. Case 1: Two source nodes with the same initial condition
When x0(0) = x1(0), the dynamical equation of node j =
2 becomes
x˙2 = (1− ε)x2 − x32 + εx1(0) + εA1 sin (ωt+ ϕ1) . (5)
Without the periodic signal εA1 sin (ωt+ ϕ1), x2 has three
fixed points for ε ≤ 1/4: x1(0) and −1/2 ±
√
1− 4ε/2 in
which x1(0) and −1/2 −
√
1− 4ε/2 are stable fixed points
while −1/2 + √1− 4ε/2 is unstable; for ε > 1/4, x2 has
one stable fixed point x1(0). When ε is not great, the signal
εA1 sin (ωt+ ϕ1) is subthreshold, the solutions of the node
j = 2 approximate
x2(t) ≈ x1(0) + εA1√
ω2 + (2 + ε)2
sin (ωt+ ϕ2)
and
x2(t) ≈ −1−
√
1− 4ε
2
+
εA1√
ω2 + (1
4
− ε)2
sin (ωt+ ϕ2) ,
where ϕ2 is some phase shift. When ε ≈ 1/4, the latter solu-
tion indicates a larger oscillation around −1/2 − √1− 4ε/2
than the former around x1(0). However, the stability of the
fixed point−1/2−√1− 4ε/2 decreases as ε approaches 1/4,
the large oscillation is thus unsustainable and it will move to
the vicinity of x1(0), leading to a small oscillation governed
by the former solution. Inserting x2(t) into the equation of
node j = 3, we can obtain the stable fixed points of the
node j = 3 as well as the subsequent nodes by repeatedly
using the same method. We find that these nodes possess the
same stable fixed point 1 or −1, depending on x1(0) = 1 or
6x1(0) = −1. In this way, the dynamical equation of node
j ≥ 3 can be written as
x˙j ≈ (1−ε)xj−xj3+εx1(0)+εAj−1 sin(ωt+ϕj−1), (6)
where εAj−1 sin(ωt + ϕj−1) denotes the signal from node
j − 1 and ϕj−1 represents some phase shift. When the signal
εAj−1 sin(ωt+ϕj−1) is subthreshold, the solution of Eq. (6)
approximately satisfies
xj(t) ≈ x1(0) + εAj−1√
ω2 + (2 + ε)2
sin (ωt+ ϕj) ≈ x1(0)
+
(
ε√
ω2 + (2 + ε)2
)j−1
Aj−1 sin (ωt+ ϕj)(7)
with some phase shift ϕj . Inserting this solution into Eq. (2),
the output Qj is given by
Qj ≈ A1
(
ε√
ω2 + (2 + ε)2
)j−1
. (8)
Eq. (8) satisfies the condition Qj > Qj+1 for j ≥ 1, thereby
supporting the damped transmission of Eq. (1) at x0(0) =
x1(0).
On the other hand, the damped transmission at x0(0) =
x1(0) can be explained by the overdamped motion of a parti-
cle in a potential and periodic forcing [28]. For this reason, the
potential in Eq. (6) is V (x) = −(1−ε)x2/2+x4/4+εx1(0)x
and the periodic forcing is εAj−1 sin(ωt + ϕj−1). When
ε > 0, V (x) is an asymmetrical potential and its asymmetry
is determined by the value of ε. For illustration, Figs. 9(a)-(c)
display the potential V (x) for ε = 0.2, 0.9 and 1.4. When
ε = 0.2, V (x) has two wells, where the well located at x = 1
(or x = −1) is deeper than the other one at x ≈ 0.7 (or
x ≈ −0.7), see Fig. 9(a). This indicates that the large os-
cillations around x = 1 (or x = −1) are more stable. When
ε is increased to 0.9, V (x) turns into an V-shaped potential
with a single well at x = 1 (or x = −1), see Fig. 9(b).
As shown in Fig. 9(c), further increasing ε to 1.4 will re-
sult in a more steep V-shaped potential. Clearly, under the
same forcing of εAj−1 sin(ωt+ ϕj−1), the asymmetrical po-
tential V (x) of ε = 0.2 allows the particle to generate a rel-
atively large oscillation inside it in contrast to the potentials
of ε = 0.9 and ε = 1.4. However, as εAj−1 sin(ωt + ϕj−1)
is weak and the motion is overdamped, the oscillation around
x = 1 (or x = −1) gets even smaller (Aj < Aj−1). Al-
together, the transmission of Eq. (1) decreases with j and ε
when x0(0) = x1(0).
B. Case 2: Two source nodes with different initial conditions
When x0(0) 6= x1(0), Eq. (5) can be rewritten as
x˙2 = (1− ε)x2 − x32 + εA1 sin (ωt+ ϕ1) . (9)
Without the periodic signal εA1 sin (ωt+ ϕ1), x2 has two
stable fixed points ±√1− ε for ε < 1 and has one sta-
ble fixed point 0 for ε ≥ 1. For a subthreshold signal
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εA1 sin (ωt+ ϕ1), the solutions of x2(t) approximate
x2(t) ≈ ±
√
1− ε+ εA1√
ω2 + 4(1− ε)2 sin (ωt+ ϕ
′
2)
and
x2(t) ≈ εA1√
ω2 + (1− ε)2 sin (ωt+ ϕ
′
2) ,
whereϕ′2 is some phase shift. Based on the solutions of x2(t),
we can acquire the stable fixed points of the subsequent nodes
j ≥ 3. We find that the stable fixed points of these nodes
are ±1 for ε < 1 and 0 for ε ≥ 1. In the former case, the
dynamical equation of node j ≥ 3 can be rewritten as
x˙j ≈ (1−ε)xj−xj3+εx1(0)+εAj−1 sin(ωt+ϕ′j−1), (10)
where ϕ′j−1 is some phase shift. Eq. (10) has the same form
as Eq. (6), so their solutions and the corresponding outputs
are similar. This means the signal transmission is damped for
ε < 1 no matter the initial condition is x0(0) = x1(0) or
x0(0) 6= x1(0). In the latter case, i.e., ε ≥ 1, the dynamics
equation of node j ≥ 3 is
x˙j ≈ (1 − ε)xj − xj3 + εAj−1 sin(ωt+ ϕ′j−1). (11)
Its solution is
xj(t) ≈
(
ε√
ω2 + (1 − ε)2
)j−1
A1 sin
(
ωt+ ϕ′j
)
, (12)
where ϕ′j is some phase shift. Inserting Eq. (12) into Eq. (2),
the output is
Qj ≈ A1
(
ε√
ω2 + (1 − ε)2
)j−1
. (13)
7Eq. (13) satisfies the condition Qj ≤ Qj+1 for j ≥ 1, which
coincides with the enhanced signal transmissions at x0(0) 6=
x1(0). In Fig. 2 and Fig. 3(a), we compare the analytical
results of Eqs. (8) and (13) with the numerical results and find
a good agreement between them for small j. The reason is
that, the above analyses are based on the perturbation theory,
i.e., assuming xj oscillates around the stable fixed point with
a small amplitude. Because the oscillation of xj is weak for
small j, the theory gives a better approximation to xj as well
as Qj . In addition, from Eq. (13), the optimal εMj can be
derived as εMj = 1 + ω2 ≈ 1.4, which fits well with the
numerical results (j ≤ 9) shown in Fig. 3(b).
Analogously, the enhanced signal transmission at x0(0) 6=
x1(0) and ε ≥ 1 can also be understood by the over-
damped motion of a particle in a potential and periodic
forcing. As shown in Eq. (11), the periodic forcing is
εAj−1 sin (ωt+ ϕj−1), and the potential is V (x) = −(1 −
ε)x2/2 + x4/4 which is a symmetrical function with a mini-
mum at x = 0. In Fig. 9(d), the potential V (x) for ε = 1.4
is plotted. It is a U-shaped curve with a flat bottom, which is
quite different from the V-shaped well shown in Fig. 9(c). In
addition, Fig. 9(e) plots the potential V (x) for ε = 2. It can
be seen that the bottom of the U-shaped V (x) becomes nar-
row and such narrow U-shaped potential transforms into a V-
shaped curve as ε = 4, see Fig. 9(f). In contrast, the U-shaped
potential V (x) can permit the particle to gain a wider oscilla-
tion inside it than the V-shaped potentials. This explains why
the signal transmission is largely enhanced at x0(0) 6= x1(0)
and ε = 1.4.
C. Mechanisms of resonant-like phenomena
We finally analyze the mechanism of the resonant-like phe-
nomena shown in Fig. 7. Firstly, we explain the single
resonant-like dependency for the classical one-way chain with
one source node, i.e., x0(0) = x1(0) and Γ0(t) = Γ1(t) are
set in Eq. (1). When D = 0, the oscillation of the source node
is small, restricting in one of the two stable fixed points. When
D is increased to D = 0.03, the oscillation of the source node
can jump to the other stable fixed point by noise perturbation,
see Fig. 10(a). Because the perturbations are not sufficient,
the jumping rate is small and the oscillation may stay there for
a long time until the next jumping. Thus the oscillation of the
source node is still small at D = 0.03. Continue increasing
D to D = 0.05, the jumping rate between the two stable fixed
points is obviously improved, which increases the oscillation
amplitude, see Fig. 10(b). When D = 0.3, the jumping rate is
sharply improved, so the oscillation is no longer centered on
the stable fixed points xs = ±1 but on xu = 0, see Fig. 10(c).
However, further increase in D will increase the randomness
of the oscillation (not shown here). Considering all of these
factors, the source node can only generate a large output at
D = 0.3, showing a resonant peak over there. Through one-
way coupling, the output of the source node will propagate to
the subsequent nodes (j ≥ 2), which results in the stochastic
resonance phenomena as observed in Figs. 7(g)-(i).
Secondly, we explain the double resonant-like dependency
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FIG. 10: (Color online) Time series xj(t) of the source node(s). Left
panels for one source node: (a) D = 0.03, (b) D = 0.05, and (c)
D = 0.3; Right panels for two source nodes with given the same ini-
tial condition x0(0) = x1(1): (d) D = 0.03, (e) D = 0.05, and (f)
D = 0.3. Red and green lines denote xj(t) of the two source nodes,
blue lines denote the their collective dynamics (x0(t) + x1(t))/2.
for the Y-shaped one-way chain with x0(0) = x1(0). As men-
tioned above, when D = 0.03, there is a small probability that
a single source node may jump to the other stable fixed point,
remaining there for a long time until it jumps back to the initial
fixed point. In this way, the two source nodes in the Y-shaped
one-way chain may occasionally oscillate in different stable
fixed points for long time intervals, although given the same
initial condition x0(0) = x1(0), see Fig. 10(d). Consider-
ing that the signal transmission is largely enhanced if the two
source nodes oscillate in different stable fixed points [see Sec.
IV B], the transmission in the Y-shaped one-way chain will be
sometimes largely enhanced at D = 0.03. By increasing D to
D = 0.05, the time intervals for the two source nodes simul-
taneously oscillating at different fixed points reduce dramat-
ically [see Fig. 10(e)], indicating a decrease in signal trans-
mission. These are the reasons why Qj shows the first local
peak at D = 0.03. When D is increased to D = 0.3, there is
no obvious interval between two continuous jumps, see Fig.
10(f). During this process, the collective behavior of the two
source nodes (x0(t) + x1(t))/2 is analogous to the individual
x0(t) or x1(t), i.e., the two source nodes can be seen as a sin-
gle one. This analogy in dynamics implies that the Y-shaped
one-way chain shows a similar signal transmission to that of
the classical one-way chain for large D. As a result, the sig-
nal transmission in the Y-shaped one-way chain is also largely
enhanced at D = 0.3, resulting in the second peak over there.
Obviously, both the single and double resonant-like depen-
dencies are the stochastic resonance phenomena, since the sig-
nal transmissions are improved by noise. However, as the spe-
cific Y-shaped structure allows the two source nodes oscillate
in distinct fixed points for small noise, we thus refer the en-
hanced signal transmission in the region 0.03 < D < 0.3 as
structure-noise-improved transmission [see Figs. 7(d)-(f)].
8V. SUMMARY
In conclusions, we have studied the signal transmission in
a Y-shaped one-way chain and found an extraordinarily of
such specific structure to improve signal transmission. We
have also studied the robustness of the Y-shaped structure-
improved transmission to the noise perturbation and input sig-
nal regularity. We hope our findings may contribute to under-
stand the structure-function relationship of real systems and
be useful to design highly efficient artificial devices, such as
switchers and amplifiers.
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